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Generalized Functions for the Fractional Calculus

Carl F. Lorenzo
National Aeronautics and Space Administration
Glenn Research Center
Cleveland, Ohio 44135

Tom T. Hartley
The University of Akron
Department of Electrical Engineering
Akron, Chio 44325-3904

Introduction
Previous papers have used two important functions for the solution of fractional order

differential equations, the Mittag-Leffler function E P [at"J (1903a, 1903b, 1905), and the

F-function F, . [a, t] of Hartley & Lorenzo (1998). These functions provided direct solution and

important understanding for the fundamental linear fractional order differential equation and for
the related initial value problem (Hartley and Lorenzo, 1999).
This paper examines related functions and their Laplace transforms. Presented for

consideration are two generalized functions, the R -function and the G -function, useful in
analysis and as a basis for computation in the fractional calculus. The R -function is unique in
that it contains all of the derivatives and integrals of the F-function. The R -function also returns
itself on gth order differ-integration. An example application of the R -function is provided. A
further generalization of the R -function, called the G -function brings in the effects of repeated
and partially repeated fractional poles.

Functions for the Fractional Calculus
This section summarizes a number of functions that have been found useful in the solution

of problems of the fractional calculus and more particularly in the solution of fractional
differential equations.

Mittag-Leffler Function
The Mittag-Leffler (1903, 1903, 1905) function is given by the following equation

2 (n g>0. )

q+1

This function will often appear with the argument —ar?, its Laplace transform then, is given as

. (—a)t™ s? S
L{E [ at ]}— {Zr(nq+l)} qu_*_a) q>0. (2)
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Agarwal’s Function
The Mittag-Leffler function is generalized by Agarwal (1953) as follows

(IIH»E]
oo t a

E, ;)= me (3)

m=0

This function is particularly interesting to the fractional order system theory due to its Laplace

transform, given by Agarwal as
s*7F
L{Ea.ﬂ [ta I}: Sa __1

This function is the (a - ﬂ)order fractional derivative of the F-function, (of Robotnov (1969)

@)

and Hartley (1998)), with argument a = 1, to be presented later.

Erdelyi’s Function
Erdelyi (1954) has studied the following related generalization of the Mittag-Leffler function

Fus0= S

where the powers of t are integer. The Laplace transform of this function is given by

LE,,0}=Y F% .8 >0. 6)

As this function cannot be easily generalized it will not be considered further.

a.f>0, (5)

Robotnov and Hartley’s Function
To effect the direct solution of the fundamental linear fractional order differential equation
the following function was introduced (Hartley and Lorenzo, 1998)

at—t"'z(_ fr qg>0. ()

3T(ng+q)

This function had been studied earlier by Robotnov (1969, 1980) with respect to hereditary
integrals for application to solid mechanics. The important feature of this function is the power
and simplicity of its Laplace transform, namely

L&ngH=sqia

q>0. 8)

Miller and Ross’ Function
Miller and Ross (1993, pp.80 and 309-351) introduce another function as the basis of the

solution of the fractional order initial value problem. It is defined as the v th integral of the
exponential function, that is

E ()= 2 e = ey pra)=r 3 (at) o)

STv+k+1)
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where ¥ '(v, at)is the incomplete gamma function. The Laplace transform of equation (9)
follows directly as
LIEE (v,a)}=—— Re(v)>1 (10)
s—a
Miller and Ross then show that

L{jaf-‘E,(jv—l,aq)}=

j=

(11)

. ,g=123..,v= —1-
s'—a q

which is a special case of the F-function of Robotnov and Hartley.

The above functions are studied in considerable detail by their originators and others. The
interested reader is directed to the supplied references.

A Generalized Function
It is of significant usefulness to develop a generalized function which when fractionally

differintegrated (by any order) returns itself. Such a function would greatly ease the analysis
of fractional order differential equations. To this end the following is proposed, consider
the function

S @y
Rq'\,[a,c,t]=n§; F((n+1)q—v) . (12)

Our interest in this function will normally be for the solution of fractional differential equations
for the range of t > ¢ =0. For ¢ < ¢, R will be complex except for the cases when the exponent

((n +1)g —1~v) is integer. The more compact notation

~ . (a)n (t_c)(n+l)q-l-t'
Rq‘v[a,t—c]—é T+ -v) ) (13)

is also useful, particularly when ¢ =0.
The Laplace transform of the R -function is

B oo (a)" (t_c)(nﬂ)q-l—v _ oo . (t_c)(nﬂ)q—l—v
LR, [a,c.1]}= LZ; () ;(a) L{————r G s v)}. (14)

Consider first the case for ¢ = 0, then we have

oS
tle, o= S e ) (5

n=0

Now from (Erdelyi et al, 1954)

L }=T(+1)™" Re(v)>-1, Re(s)>0. (16)
Then equation 15 becomes
LR, 00 =3 (@) == Re((n+1g-v)>0, Res)>0.  (17)
n=0 A
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LR, [ aOt}=;1——§ a) Re((n+1)g-v)>0, Re(s)>0.  (I8)

This can be written as a geometric series that converges when ]a / s"[ <1. It can be shown, by

long division, that

Re(g-v)>0, Re(s)>0. (19)

L

g

Now for ¢ # Othe shifting theorem for the Laplace transform (Wylie p. 281) is
L{fle-bu(-b)=e>L{r(t)} b=0, (20)
where the unit step function u(r — b) effectively causes f(z —b) = Ofor ¢ < b. Under the

assumption that Rq.v [a,c,t]= 0 for ¢ <c, this theorem and the result (equation 19) are applied
to yield

—C." v

iR, (a.c r)}— c20Re((n+1)g-v)>0,Re s >0. (21)

—a

Table 1, in a later section, presents a summary of the defining series and respective Laplace
transforms for the functions discussed in this paper.

Properties of the R,, (a,c,t) Function
The general time domain character of the R -function is shown in figures 1, 2, and 3. Figure 1
shows the effect of variations in g with v =0and a = X1. The exponential character of the

function is readily observed (see, g =1). Figure 2 shows the effect of v on the behavior of the

R -function. The effect of the characteristic time a is shown in figure 3. The characteristic time is
1/a%. For g=1,1/a is the time constant, when g =2 we have the natural frequency, when ¢
takes on other values we have the generalized characteristic time (or generalized time constant).

10 77 T 2r 7
Y : A q=0.!25102£5 in sthps of 0.25
g - : — 1:1 . a_.-1.0 |
s :
g S
4 g
£ §
5 g T
& 3 e
; Tl
. Y
T g=0.251025in steps of 0.25 s
=00, 2=1.0 ! | ) !
A | l
2 2.5 3 o o5 1 15 2 25 3 35 4 45 5
1 1
Figure 1a. Effect of g on R, (I,O,t), Figure 1b. Effect of ¢ on R, 0( 1,0, t)
v=00,a=1.0 v=00, a=-1 O
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A-Funclion R{0.25,v,+1,0:1)

R-Function R{0.75,v,-1,0,1)
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i i i
v= .45 10 v= 0.15 i steps of 0.15
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0.1

Figure 2a. Effect of von Ry, (~1,0,)
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'

0.1

Figure 2c. Effect of von Ry, (~10,1)
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R-Function R(0.50,v,-1,0,t)

T 1

+

a= -1.0,! g=0.50

!

H
v=i-0.45 10 v= 04? in steps 0\'0.1115

b

0.3 0.4 05 0.6
t

0.7

0.8 0.9 1

Figure 2b. Effectof von R4, (-1,0,1)
g=0.50, a=-1.0

a= _1.0;, q=1.00

v=-0.45to w= O,J_O in steps of 0.15

'

R-Function R(1.00,v,-1,0.1)

0.5

-1

0 01

0.2

Figure 2d. Effect of von R, (- 10,7)
g=1.00, a=-1.0



R-Function A{0.25,0,a,01)

A-Function R{0.75,0,a,0,1)

q=0.25, \=OO

a= ILotooSm slepsofos
!
i
!

1.5 i

—

o
»

Figure 3a. Effectof a on R, (@.0,2)
g=1.00, v=0.0

a=-2dtw05in sle%s of0.5
g=0.75, w::0.0

Figure 3c. Effect of a on Ry,,(a,0,)
g=0.75, v=0.0
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Eigen-property
The R -function also has the eigenfunction character under gth order differintegration with

= (). This is seen as follows. Consider

N O VAL
ARl 0= T )

Now, Oldham and Spanier (1974 p.67) prove the following useful form

a]n _ F(P + IXX _a]p—\

4~
Al T(r—v+1)

p>-l.

Applying this equation we have
d'R (a.c.t)= Z( a) (e~ " g >0.
crr n=0 r(nQ)

Now let n = m+1, then,
)(nz+!)q—l

(@) (-
- X

g>0

or

i (m+1)g-1
Cd,"quo(a,c,t)= (a)quo(a,c,t)+a lim (a)(t-c)

= T+ )

The right most term in equation (26) is zero for f # ¢, thus, for > ¢ the final result is

(d,"quo(a,c,t)= aR,, (a,c.t) t>c, g>0.

g >0.

Thus, for a =1 the function is seen to retumn itself under gth order differentiation.

Differintegration of the R-Function
It is of interest to determine the differintegral of the R -function, that is

a oot (a (t C)(n+l)q-l-v - (a)ncd,u (t_c)(,,.n)q_]-v
k.d Z T((n+1)g-v) 2_:; Moag=v)

Oldham and Spanier (1974 p.67) prove the following useful form (equation (23) repeated)
T(p+1)x—a]™

d'|lx-al = -1,
¢ X[x a] T(p-v+1) P>
which is applied to equation (28) to yield
[ ] (a (t )(n+1)q—l-(v+u)
- 0.
Rela.ct 2 Ttg-Grw)

Thus we have the useful result

AR, [a,c.t]= Rq,(‘_ﬂ)[a,c,t] qg>v.

That is, u order differintegration of the R -function returns another R -function.

NASA/TP—1999-209424 7
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Relationship Between R, and R

From the definition of K we can write
)(n*l)q I-mq )(n+l)q—l

@ e @
"mq(aCt Z (n+1)q mq) ( ) El'“((n m+1)q) (32)

=0

Letting n—m=r, yields
r+m (f _ C)(r+m+])q—l

Rl ==y 5 Bt o)

r=-—-m

or

R (a)r(t_c)(m)q—l y (a (t— )(r+l)q-l
Rom )= 0 S O X

Recognizing the first summation on the right hand side as R, O(a ¢, I), gives the final result as;

(34)

)(r+l)q—l

R, mq(a e,t)=(a)" Rqo(a c,t)+(a)" Z (a) F(( ) (35)

r=-—-m

It is noted, that when (r+ l)q < 0 and integer the elements of the summation term vanish.

Fractional Impulse Function
Consider the function R, (0,0,2), then we can write,

. (a t(n+])q—1
Rq'O(O,O,t)=£1_r>rgR aOt)—hmZ : (36)

8 2 T((n+ 1))

In the limit the terms n > 0, of the summation vanish, thus

i@
R, o(a.0.1)= fim Q) TG (37)

From equation (19) the associated Laplace transform pair is given by;

L{RqVO(O,O,t)}=SLq Re(g)>0, Re(s)> 0. (38)

Relationship of the R-function to the Elementary Functions
Many of the elementary functions are special cases of the R -function. Some of these are

illustrated here.

Exponential Function
Consider R, ,(a.,0,1), by definition, we have

R4 (a,O t Z o) = i lar) ’ (39)

“T(n+1) = af

thus

R ,(a,0,1)=e". (40)
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Sine Function
Consider aR, , (— az,O,t), by definition, we have

aRy (o 0)=a¥ EC L { ar a'r }

= (2n+1) 31!

thus

aR,, (— a’ ,0,t)= sin(at).

Cosine Function
The cosine function relates to R, (—az,O,t) again by definition

2 (~a?) 0t Cafer [ o et
RZ,I(_a ,O,Z‘) Z r((r+12- 1) 2 (2n) —{1— 5 + 4! _-..},

n=0 n=0

thus

R,,(~a%,0,t)=cos(ar).

Hyperbolic Sine and Cosine
Consider aR, (az,O,t), by definition, we have

RIS 1o L o (N BTN

= T((n+1)2) = (2n+1) 3 s

thus,
aR,, (a 20, t)=sinh (at).

In similar manner

R,,(a’.0,t)= cosh(ar).

R-Function Identities

Trigonometric Based Identities
A number of identities involving the R -function may be readily shown based on the
elementary functions. The exponential function, equation (40)

R, ,(a,0,x)=e",

may be expressed as
e= R, (i,O, x)
Then from equation (42)
sinfax)=aR,, (— a’,0, x)

and expressing the sine function in complex exponential terms gives

sin(x) = EIT(ei" —e™"" )
i

NASA/TP—1999-209424 9
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Combining equations (49) ,(50) and (51) then yields the identity

R,,(-10.x)= %(R,!O (:0.0)- R,y (=0, x)). (52)
In similar manner using the cosine function, equation (44)
cos(x)= R,, (- 1,0,x)=%(€” remiv) (53)
from which
R,,(-1,0,x)= %(RLO (10,x)+ R, o (~1,0,x)). (54)
The hyperbolic functions may also be used as a basis, using sinh function, yields
R,,(1,0,x)= l; (R, ,(1,0,x)- R, 4(~1,0,x)) (55)
The cosh function gives
R,,(1,0,x)= -;-(R,,0 (10,x)+ R, ,(-1,0,x)). (56)

Many other identities may be found based on the known trigonometric identities, a few examples
follow, from

sin® (x)+cos?(x)=1, (57)
we have
R}, (~1,0,x}R; (-1,0,x)=1 (s8)
From the identity
sin(2x) = 2sin(x)cos(x), (59)
derives
R,,(~1,0,2x)=2R, (- 1,0,x)R,, (- 1,0,x). (60)
From the trigonometric identity
sin(3x) = 3sin(x - 4 sin*(x), . (61)
we determine the identity
R, ,(=1,03x)=3R, (- 1,0,x)—4R; (- 1,0, x). (62)

Further Identities
Other identities may be derived as follows. Let v = g~ p, then the Laplace transform of the

R -function may be written as

s?7? 1
LR, (-a0.)}= PR (63)
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This may be rearranged to give

b e ze (64)
s”"is"+ai st s?+a

Inverse transforming gives the identity

R,,,(~a0.1)=R,,(00,1)-aR _(-a0.) (65)

q'q'P(

Another set of identities follows by factoring the denominator of Laplace transform, thus

.
N P S"[(sm B )], (66)
Now a partial fraction expansion of the denominator gives
o 24" 24" _ 24" 24" ' (67)
PR EATE §92 gt g2y g1

Taking the inverse transform, yields

qu,v(a’O’t)= #{Rq/z.v (a”2 ’O’I)_ Rq/Z.v (—al/z ’O’t)}' (68)

Very many more such identities are possible, indeed because of the generality of the R -function,
powerful meta-identities may be possible.

Relationship of the R-Function to Other Functions
The generality of the R -function allows it to be related to many other functions. In this

section it will be related to the important functions discussed in the introductory section of the
paper. The Laplace transform facilitates determination of the desired relationships. The double
arrow will be used to indicate the transform pairs, thus for the R -function;

R, v(a,c,t)c:—s— Re(g-v)>0 (69)
' s'—a

Mittag-Leffler’s Function
The Mittag-Leffler function and its transform relate to the L-function as;

g-1
&R, (-a0.1) (70)

E, [— at? ] =
s'+a

The time domain relationship is
™

R, (Ca0)E,[-ar] z(‘ f (1)

“T(ng+1)

Also, because .dR,, [-a,c.t]= Rq.(‘,m)[— a,c,t] it follows that

(4R, o(~a,c.t)=E,|alt-c)) (72)

NASA/TP—1999-209424 11



Argarwal’s Function
The Argarwal function and its transform relate to the R -function as follows;

S‘i‘l’
E, | ]‘i’ﬁ &R, ,01,01).

The time domain relationship is

nq—l+p

i T(ng+ p)

R, ,(10.1)=E, [ﬂ]:Z

Erdelyi’s Function
The relationship between the Erdelyi function and the R -function is given by

R,,.s 100 E, [ ]—f'ﬁzr( +B)

Robotnov and Hartlev Function
The F-function and its transform relate to the R -function as follows:

Fl-atle & R, ,(-a0.1).

s’ +a
The time series common to these functions is given as;
’l {n+l)q—l

(-a
0( aOt at Z F((n+1)q)

Miller and Ross’s Function

The Miller and Ross function and its transform relate to the K -function as follows

E, (v,a) = s =R, (a,O,t).
s—a

The time series common to these functions is given as;

R, _(a.0,1)=E, (v,a)= Z (a)s

ST(n+v+1)

Example - The Dynamic Thermocouple

(73)

(74)

(75)

(76)

(17)

(78)

(79)

This problem was introduced originally in Lorenzo and Hartley 1998, and frequency domain
solutions are presented there. Here, it is desired to determine the time domain dynamic response

of the thermocouple, figure 4, which is designed
to achieve rapid response. The thermocouple

consists of two dissimilar metals with a common Y p————
junction point. To achieve a high level of T. ) T
dynamic response, the mass of the junction and 8 ( )

ol &

the diameter of the wire are minimized. Because
the wires are long and insulated they will be ka0
treated as semi-infinite (heat) conductors. This

analysis will determine the time response of the Figure 4. Dynamic Thermocouple

junction temperature T, (s) in response to the

NASA/TP—1999-209424 12
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free stream gas temperature 7, (5). For the semi-infinite conductors the conducted heat rate
Q(r) is given by
D!"T,, (80)

Q,t)=
()\/',

where k is the thermal conductivity and ¢ is the thermal diffusivity. For the transfer function
the effects of initialization are not required, therefore, all w(1)'s are zero. Thus the following
equations describe the time domain behavior:

0,(t)=ra(T, ()-T, ()} (81)
T(t)—— D;'(0.(1)-2,(t)-0,(t)) (82)

DT, () ——(,d!"T, 1)+ v, (T,. 4,a,0,))and (83)

\/a—l
DI“T ( ): \/—( d:me(t)'i'Wz(Tb’%’a’o’t)) (84)

Ql(t)=7’a—l—
0,(1)= J_

where A A is the product of the convection heat transfer coefficient and the surface area and
we, is the product of the junction mass and the specific heat of the material. Taking the Laplace

transform of these equations yields

0,(s)=hA(T, (5)-7,(5)) (85)
1,()= (10,0~ 0,0)- 0,6 v ) s6)

(s)=-J%(S"2Tb(s)+w. ®) 87)

0,(5)= J’g:(s“zr,,(s)wz(s)) (88)

Eliminating the Q’s, and solving for Tb(s) yields

1

7,(5)= (T;z',l—]{wg(ﬂ—"—ﬁwl(s)—d—’;z_—wg(s%s%(s)}, (9)

Factoring the leading denominator and

h
where b— , and c———
{V V& }
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expanding in partial fractions gives

Tb(s)= wlq (Sl?ziﬁﬁl J'_Su?_fzﬁz ]{hAT (5 \/—Wx (5 J—Wv (5 + 5y, (5)} (90)

where f§ == + —\/b —dc and B== ——\/b —4c . Then with appropriate choices for the

functions of sin the right most bracket thls equation may be inverse transformed to yield the time
domain response. To demonstrate the value of the R -function, we select (deterrnine)

27,(0
v,(s)= T, (0)/s, Further assume T, (1)=2T,(0)+t = T, (s)= —(1

+ —,and
¥,(s)=,(s) are arbitrary functions of time. The solution may be written dlrectly as:
T (’)— (ﬁ — )[ZTb (O)Ruz.-l (“ ﬂx »OJ)'*' RI/Z,—Z (‘ ﬁl ,O,t)

_2Tb(O)Rl/2 1(" B..0, t)—R,,-, ’(_ B..0, t) ]_

][{RIIZO( B,0.t—1)- R/ﬁo( B,.0,1~ 7)}" (t)d7 +

»wwzﬂ[f_J_

me OXR, 20 (= B,.0.0)= Ry (= B, 0.1} (01)

Further Generalized Functions
Functions yet more general than the R -function may be developed. One such function will
be derived here. It is simpler here to work backward from the s-domain to the time domain. Thus,

we consider the following function
A4

(57 ~a)

where Vv, g, and rare not constrained to be integers. Then this may be written as

G(s)=s"“”( I—S%]_r . 03)

Now the parenthetical expression may be expanded using the binomial theorem to give
. (- ) (-aY
G S}= a - »

()= Z r(i+ - )( s* )

RN F(I—r) J v-gr-qj
0= Tt ©

(92)

G(s)=

<1, (94)

or
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This expression may be term by term inverse transformed yielding

- I(1-r)(-a) (! a
G, . la.t}= , R -vp0, R 0,—|<1. (96
o] ;rm == G+ g-v) elar—vh0.Rels} 0. 5 o)
Thus we have the following transform pair
Lquvv,[a,z]}=-(s—qi—ay, Re(gr-v)>0, Re(s)>0, Siq >0. (©7)

The form of equation (96) presents evaluation difficulties, since when r is an integer
I'(1-r)and F(l —-j- r) can become infinite. Equation (96) maybe rewritten as follows: from
Spanier and Oldham (p.414, eq.43:5:5)

I(x) _Gy I(x) n=0,12,- (98)

I(x—n)= (x—l)(x—z)"'(x_")— (1-x),

where (1- x)n is the Pochhammer polynomial. From this result with x =1—r, we can write

F(l—r) __("l)jr(l—r) j=1’2"" (99)

r(l—j—r)=(_r)(_l_,)...(l_r-j)— (r),

Substituting this result in equation (96), yields the following more computable results

o e X=1=r) = = a) A
G, [a.t]= gi s j)l'((r-» ) ' (100)

or in terms of the Pochhammer polynomial

_& (), (@) o
Gy, larl=2 L+ ) +)a-v)

j=0

<1. (101)

, Re(gr—v)>0, Re(s)>0, ‘—%
’ S

In similar manner relationships of increasing generality may be determined. Podlubny (1999)
presents a form that is a special case of the G -function where r is constrained to be an integer. It
is also clear that taking r = 1specializes the G -function into the R -function. It is the authors’
judgment that the F- and R -functions will prove to be the most useful in practical applications.
Table 1 summarizes the advanced functions studied in this paper along with their defining series
and Laplace Transforms. ’
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Table 1 Summary of Defining Series and Laplace

Function Time Expression Laplace Transform Remarks
— a't” s
ittag- Elat |z ) —— - = 1) differi
Mittag-Leffler qE’ ] ,,;r(nq i l) .f(s"—a) (q )dlffermlegral of
-y 528
Agarwal aﬁ( )’ r(am+ﬂ) -1
< +1
Erdelyi aﬁ(’) 2 ( ) Z]'(mrf:ﬂ)z"”' a.p>0
(ml)q—l 1
Robotnov / Hartley | F, [a,r]= ZF(( N l)q) g eigenfunction
Miller-Ross E(v,a)= Z s
k=0r("+k+l) s—a
n (lH-l)?-l 3 Sv
Current Paper (a 1)= ZI"((;H—I); ) -2 eigenfunction & differintegral
e O)Caysleir)
]
Current Paper G, w(a’ 1)= ; D ir(l 4 i)—((f N i)f]— v) (s . _a), eigenfunction & differintegrals
repeated & partially rep.
Summary

This paper has presented a new function for use in the fractional calculus, it is called the
R -function. The R -function is unique in that it contains all of the derivatives and integrals of
the F-function. The R -function has the eigen-property, that is it returns itself on gth order differ-
integration. Special cases of the R -function also include the exponential function, the sine,
cosine, hyperbolic sine and hyperbolic cosine functions. Further, the R -function contains, as
special cases; the Mittag-Leffler function, Agarwal's function, Erdelyi's function, Hartley's
F-function, and Miller and Ross's function. Numerous identities are possible with the
R -function some of these have been shown in the text.

The value of the R -function is clearly demonstrated in the dynamic thermocouple problem
where it enables the analyst to directly inverse transform the Laplace domain solution,
(operational (s) form) to obtain the time domain solution.

A further generalization of the R -function, called the G -function brings in the effects of
repeated and partially repeated fractional poles. This generalization carries increased time
domain complexity.

A R -function based trigonometry is also possible. It is a generalization of the conventional
trigonometry, and will be the subject of a future paper.
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